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Abstract
A space X is called pseudo-contractible if there exist a mapping H :X × C → X and points a, b ∈ C, x0 ∈ X, where C is a
continuum, fulfilling H(x,a) = x and H(x,b) = x0. We show that the only (up to homeomorphism) pseudo-contractible chainable
continuum is the arc. In particular the pseudo-arc is not pseudo-contractible, which answers a question of W. Kuperberg.
© 2007 Published by Elsevier B.V.
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We consider only separable metrizable spaces. A continuum is a nonempty compact and connected space. A con-
tinuum is chainable if it admits an ε-mapping onto the interval [0,1] for every number ε > 0. This is equivalent to the
existence of a representation of X as a limit of an inverse sequence of arcs (the joining mappings may be assumed to
be surjective). The two notions and example defined below were introduced by W. Kuperberg.
Definition 1. Let f,g :X → Y be mappings. A mapping H :X × C → Y , where C is a continuum is said to be a
pseudo-homotopy between f and g if there exist points a, b ∈ C such that H(x,a) = f (x) and H(x,b) = g(x) for
x ∈ X. We will call such f and g pseudo-homotopic.
Definition 2. A space is called pseudo-contractible if there exists a pseudo-homotopy between its identity and a
constant mapping into itself.
Obviously each contractible space is pseudo-contractible.
Example. Consider in the complex plane C a spiral X0 = { t+2t+1eit : t ∈ [0,∞)} approximating the unit circle. The set
X = X0 ∪ {x: |x|  1} ⊂ C constitutes a continuum which is not arc-wise connected and hence is not contractible.
Define C = X0 ∪ {x: |x| = 1} ∪ {x ∈ R: 0 x  1} ⊂ C. We describe a pseudo-homotopy H :X ×C → X by:
(1) H ( t+2
t+1e
it , t
′+2
t ′+1e
it ′) = t+t ′+2
t+t ′+1e
i(t+t ′)
, for t, t ′ ∈ [0,∞),
(2) H(x, t+2
t+1e
it ) = xeit for |x| 1, t ∈ [0,∞),
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(4) H( t+2
t+1e
it , x) = xeit for t ∈ [0,∞), |x| = 1 or x ∈ [0,1] ⊂ R.
We have H(x,2) = x for x ∈ X, and H(x,0) = 0 for x ∈ X, this means that X is pseudo-contractible.
Notice that if X is a compactum then the existence of a pseudo-homotopy between two mappings into a metrizable
space Y is equivalent to the existence of a continuum joining them in the space C(X,Y ) of mappings from X to Y .
Moreover, if Y is an ANR then C(X,Y ) is an ANR as well and hence it is locally arcwise connected ([9], §53, III,
Th. 3), thus we have
Claim 1. Let X be a compactum and Y an ANR. If f,g :X → Y are pseudo-homotopic then they are homotopic.
In this work we prove a theorem that describes an obstacle to pseudo-contractibility. It follows from this theorem that
the only chainable pseudo-contractible continuum is the arc. In particular, the pseudo-arc (the hereditarily indecom-
posable chainable continuum) is not pseudo-contractible, which answers a question of W. Kuperberg [8]. The case of
sin 1
x
-curve was published in [7] and [3].
Recall that a mapping f :X → D from a space X to an n-dimensional disc D, for n  1, is essential if every
mapping g :X → D such that g(x) = f (x) for x ∈ f−1(∂D) is surjective [4]. We have the following
Lemma 1. ([5], p. 225) Let f :X → D be an essential mapping of a space X onto the two-dimensional disc D. Let
S ⊂ D be a simple closed curve. Then the mapping f |f−1(S) :f−1(S) → S is not homotopic to a constant mapping.
Proof. Let F ⊂ D be the closed domain bounded by S and homeomorphic to D. Then the mapping f |f−1(F ) :
f−1(F ) → F is essential as well. To the contrary, suppose that g :f−1(F ) → F is a nonsurjective mapping such that
g|f−1(S) = f |f−1(S). Then the mapping g′ :D → D defined by g′(x) = g(x) for x ∈ f−1(F ) and g′(x) = f (x) for
x /∈ f−1(F ) is a nonsurjective extension over D of the mapping f |f−1(∂D) :f−1(∂D) → ∂D. This contradicts the
essentiality of f . Hence f |f−1(S) is not homotopic to a constant mapping. 
Theorem 1. Let X be a tree-like continuum such that there exists a number δ > 0 and such that for every number
ε > 0 there exist mappings p :X → T , r :T → W , where T ,W are trees and there exists a continuum Y ⊂ X with the
following properties:
(i) diamY > δ;
(ii) rp :X → W is an ε-mapping;
(iii) the sets L = p(Y ) and J = rp(Y ) are arcs;
(iv) the mapping r|L :L → J is open and there exist three different subarcs L1,L2,L3 whose union is L and each of
these arcs is mapped onto J (Fig. 1 is a graph of such a map).
Then the continuum X is not pseudo-contractible.
Proof. Suppose that there exists a pseudo-homotopy H :X × C → X between the identity of X and a constant
mapping into X. For every number η > 0 let Gη = {(x, y) ∈ X × X: ρ(x, y)  η}. Let Hˆ :X × X × C → X × X
be the pseudo-homotopy defined by Hˆ (x, y, c) = (H(x, c),H(y, c)). By compactness of X × X × C we infer that
there exists a number ε > 0 such that Hˆ (Gε × C) ⊂ Gη , for η = 0.1δ. Of course ε  η. Now let continua W,T ,Y
and mappings p :X → T , r :T → W satisfy conditions (i)–(iv). Since diamY > δ and rp is an ε-mapping there exist
points s, t ∈ Y such that p(s),p(t) ∈ L2 and ρ(s, t) > 0.5δ, therefore (p(s),p(t)) /∈ p × p(Gη). Consider the set
G = {(x, y) ∈ L × L: r(x) = r(y)} (Fig. 2) It contains a simple closed curve S surrounding (p(s),p(t)) (in Fig. 2 it
is drawn with bold line), which is a retract of L×L \ (p(s),p(t)). Let d :T × T \ {(p(s),p(t))} → S be a retraction
(we can construct such a retraction using the fact that there are retractions of T onto L with {p(s)} and {p(t)} as
some fibers). Denote A = (p × p|Y × Y)−1(S). For (y1, y2) ∈ A we have (p(y1),p(y2)) ∈ G hence rp(y1) = rp(y2)
thus A ⊂ Gε . Let w = p ×p|Gη,w :Gη → T × T \ {(p(s),p(t))} and let v :A ↪→ G be the inclusion mapping. Now
dw(Hˆ |C × A) is a pseudo-homotopy between the mapping dwv :A → S and a constant mapping into S, therefore
dwv is homotopic to a constant mapping. But on the other hand (p × p)|(Y × Y) → L × L is a universal mapping
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[5] and hence essential ([6], Proposition 1.2). Thus, by Lemma 1 the mapping dwv cannot be homotopic to a constant
mapping, a contradiction. 
The following lemma is taken from [12].
Lemma 2 (Long fold lemma). Let X be a chainable continuum. If X is not an arc then there exists a number δ > 0 such
that for every number ε > 0 there exist mappings p :X → T , r :T → W , where T , W are arcs, and a subcontinuum
Y ⊂ X satisfying the following properties:
(i) diamY > δ;
(ii) rp :X → W is an ε-mapping;
(iii) the sets L = p(Y ) and J = rp(Y ) are arcs;
(iv) the mapping r|L :L → J is open and there exist three different arcs L1, L2, L3 each of which is mapped home-
omorphically onto J .
Proof. Every chainable continuum is irreducible [1], and every locally connected continuum is arcwise connected
(Mazurkiewicz–Moore Theorem, [9]). Hence, a chainable continuum X which is not an arc is not locally con-
nected. This implies, that the continuum X contains a sequence of pairwise disjoint continua K,K1,K2,K3, . . . ,
such that limKi = K ([9], 6.§49.VI. Th.1). Put δ = diamK10 . Now consider a representation of X as a limit of
an inverse sequence of copies of the unit interval X = lim← {In, f
m
n }, where f mn are surjections. For a given num-
ber ε > 0 let j be such that fj :X  Ij , the projection of the inverse limit is a min(ε,δ)10 -mapping. Let N > 0
be an integer such that diamfj−1([ iN , i+1N ])  min(ε,δ)5 . Let M be an integer such that for m  M the Hausdorff
distance between fj (K) and fj (Km) is smaller than 14N . Now, let fk :X  Ik , k > j be a projection such that
the images fk(KM), fk(KM+1), . . . , fk(KM+4N+4) are mutually disjoint and let i0 < i1  N be indices such that
inf(ρ(x, y): x ∈ fj−1( i0N ), y ∈ fj−1( i1N )) > δ and { i0N , i1N } ⊆ fj (Km), for every m > M . Now we define a sequence
a1  b1 < c1  d1 < a2 · · · < a2N  b2N < c2N  d2N < a2N+1 of points of the segment Ik . We assume that the con-
tinua KM,KM+1, . . . ,KM+4N+4 are indexed in accordance with the order in Ik of their images under the mapping fk .
The point a1 is the first point of Ik belonging to fk(KM) for which f kj (a1) = i1N , the point c1 is the first point following
a1 such that f kj (c1) = i0N , b1 is a point of absolute maximum of f kj over [a1, c1], a2 is the first point following c1 such
that f kj (a2) = i1N , d1 is the point of absolute minimum of f kj over [c1, a2], etc. After the n-th step of the construction
the arc fk(KM+2n+1) lies behind [a1, an] so we can continue the construction. Let n(x) for x ∈ Ik be the integer
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fulfilling f kj (x) ∈ ( n(x)N , n(x)+1N ]. Each strictly monotone sequence of n(bi) is shorter than N , hence there is an index l
fulfilling n(bl) n(bl+1) n(bl+2). We can assume that f kj (dl) f kj (dl+1) (otherwise we can invert the order of Ik).
Let q0 : Ij → Ij be a nondecreasing surjection, which maps the interval [n(bl+1)N , n(bl+1)+1N ], to a point, and this interval
is the only fiber of this mapping different from a one-point set. Let q = q0f kj . Notice that qfk is an ε-mapping and
that q(bl)  q(bl+1)  q(bl+2) and q(dl)  q(dl+1), and q(bn) > q(dm) for all indices n,m. Now dl+1 is a point
of absolute minimum and bl is a point of absolute maximum of q over [al, al+2]. Define a nondecreasing sequence
of five real numbers: z1 = bl, z2 = bl + q(bl) − q(dl), z3 = z2 + q(bl+1) − q(dl), z4 = z3 + q(bl+1) − q(dl+1), z5 =
z4 + 1 − dl+1. We define mappings p0 : I → [0, z5] and r : [0, z5] → I by:
p0(t) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
t, for t ∈ [0, bl);
z1 + q(bl)− q(t), for t ∈ [bl, dl);
z2 + q(t)− q(dl), for t ∈ [dl, bl+1);
z3 + q(bl+1)− q(t), for t ∈ [bl+1, dl+1);
z4 + t − dl+1, for t ∈ [dl+1,1]
and
r(z) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q(z), for z ∈ [0, z1);
z1 + q(bl)− z, for z ∈ [z1, z2);
z − z2 + q(dl), for z ∈ [z2, z3);
z3 + q(bl+1)− z, for z ∈ [z3, z4);
q(z − z4 + dl+1), for z ∈ [z4, z5].
One can easily check that q = rp0. Let p = p0fk . We can put L1 = [z1 + q(bl) − q(bl+1), z2], L2 = [z2, z3], L3 =
[z3, z3 + q(bl+1) − q(dl)], and L = L1 ∪L2 ∪L3, T = [0, z5], W = Ij . Each mapping of a continuum onto an arc is
weakly confluent [1], hence there exists a continuum Y ⊂ X, such that p(Y ) = L. 
By Lemma 2 and Theorem 2 we have
Corollary 3. Up to homeomorphism, the only pseudo-contractible chainable continuum is the arc. In particular the
pseudo-arc is not pseudo-contractible.
W. Lewis has shown in [10] that the space of homeomorphisms of the pseudo-arc contains no nondegenerate
continua. We can strengthen his result to the following one
Corollary 4. In the space C(P ′,P ) of mappings of a pseudo-arc P ′ into a pseudo-arc P there is no nondegenerate
continuum containing a homeomorphism or an embedding.
Proof. We can restrict ourselves to inclusion embeddings. Let e :P ′ ↪→ P , where P ′ is a nondegenerate subcontinuum
of P (hence a pseudo-arc) and suppose H :P ′ ×C → P is a pseudo-homotopy between e and a mapping f :P ′ → P ,
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= e, i.e., C is a continuum and for some a, b ∈ C H(p,a) = p, we have H(p,b) = f (p) for every p ∈ P ′. There
is a point p0 ∈ P ′ with p0 
= f (p0). Let P ′′ be a nondegenerate continuum containing p0 such that P ′′ ∩ f (P ′′) = ∅
(we can get P ′′ by the Janiszewski Theorem, taking a component of sufficiently small closed neighborhood of p0,
see [9]). The quotient space P/f (P ′′) is a pseudo-arc, since the quotient mapping is monotone [1]. Hence we can
suppose that f (P ′′) is degenerate. Let r :P → P ′′ be a retraction (see [2]). Now H ′ :P ′′ × C → P ′′ defined by
H ′(p, c) = r(H(p, c)) for p ∈ P ′′ and c ∈ C is a pseudo-homotopy between the identity of the pseudo-arc P ′′ and a
constant mapping, contrary to Corollary 3. 
It is an interesting question whether in the space C(P,P ) any point representing a nonconstant mapping is con-
tained in a nondegenerate continuum. A negative answer to this question would solve in the affirmative a question of
Lysko [11], whether every product of the pseudo-arc by a continuum with the fixed point property has the fixed point
property as well.
Theorem 2 implies immediately
Corollary 5. A dendroid sketched on Fig. 3 is not pseudo-contractible and hence it is not contractible.
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